We analyse quantum-kinetic effects in the early Universe. We show that quantum corrections to the Vlasov equation give rise to a dynamical variation of the gravitational constant. The value of the gravitational constant at the Grand Unification epoch is shown to differ from its present value to about 10 −4 ÷ 10 −3 %. 1 submitted to Phys. Lett. A
The distribution function of collision-free particles in a Robertson-Walker Universe is a function of the magnitude of the 3-momentum of a particle, | p|, multiplied by the expansion factor, a(t) [4] . If a species was in thermal equilibrium at some time, its distribution function after decoupling is given by the "frozen-in" form [1] :
where m is the mass of a particle, g is the spin degeneracy factor, T 0 is the temperature at time t 0 when the decoupling occurs and µ 0 is the chemical potential at temperature T 0 . The upper sign (+1) corresponds to the Fermi-Dirac statistics and the lower sign (-1) is for the Bose-Einstein statistics.
A natural question arises to what extent the classical picture is adequate and how it is distorted by quantum effects, such as Zitterbewegung [5, 6] . We address this question by analyzing quantum corrections in Friedmann models caused by the interplay of curvature and non-locality of a quantum "particle".
One of the most effective tools for the computing semiclassical quantum corrections is a Wigner function method [7, 8] . It allows one to find quantum corrections to physical observables, once a classical distribution function is known.
The notion of Wigner functions has been generalized to curved spacetime by using different approaches, Refs.
[9]- [13] . All the approaches are locally equivalent [13, 6] and lead to
Wigner-type kinetic equations supplemented by generalized mass-shell constraints. The equations are written in terms of formal adiabatic expansions, with a typical term [13] 
Here f (x, p) is the generalized Wigner function, R α νβµ is the Riemann tensor and the semicolon signifies the covariant differentiation.
In a radiation dominated Friedmann-Robertson-Walker Universe [1] with line element
where γ ij is a metric of a 3-space of constant curvature, an adiabatic parameter in the perturbative expansion of the quantum kinetic equations is
if one treats the distribution function (2) as a classical limit of the Wigner function. Here H(t) =ȧ a -is the Hubble "constant" and T (t) = T 0
show that in the radiation dominated Friedmann model [14] δ is given by
where g(T ) is the number of degrees of freedom of those particles which are still relativistic at temperature T (t), M pl ≃ 10 19 GeV -is the Planck energy. At the GUT temperature, T GU T ≃ 10 15 GeV, if g(T GU T ) ≃ 10 2 ÷ 10 3 , one gets δ ≃ 10 −6 ÷ 10 −5 (the uncertainty in the value of g(T ) reflects the uncertainty in our knowledge of particle physics at high energies;
though the Standard Model is in excellent agreement with all current data, it is not clear yet what fundamental symmetry is responsible for Grand Unification [14] ). Thus our estimates
show that the Wigner function approach, which utilizes an adiabatic expansion, is safely valid below the GUT scale.
For the sake of comparison, let us also consider quantum corrections due to the vacuum polarization effects [15] . In the radiation dominated Friedmann model the first nontrivial quantum-vacuum correction to the energy density, ρ cl , is ρ cl · δ vac , with δ vac given by [16] 
Here α is a dimensionless parameter, usually of the order of 1. At the GUT temperature, with g(T GU T ) ≃ 10 2 ÷ 10 3 , one gets δ vac ≃ 10 −14 ÷ 10 −13 . Therefore, one can neglect the quantum-vacuum effects when computing the quantum-kinetic corrections at the first order in terms of δ, (5) (the second adiabatic order).
Let us proceed now to a more detailed analysis of the lowest order quantum-kinetic corrections in a Friedmann-Robertson-Walker Universe. We shall consider a spatially flat Universe for simplicity, since, after an inflation era, the dynamics insignificantly depends on the value of the spatial curvature [17] .
The model is described by the Einstein equation [1] :
2 a 2 in our case, G is the Newtonian constant and ρ tot = T 0 0 is the energy density of matter involving quantum corrections. Since we have in mind applications to the early Universe, we shall assume that all particles are massless. It seems plausible that around the GUT scale a state of complete thermodynamic equilibrium existed [14] .
Therefore, the particles at high temperatures are described by the distribution function (2) Thus consider a real scalar fields ϕ obeying the equation:
where 2 is the Laplace-Beltrami operator defined on the background spacetime, R is the Ricci scalar and ξ is the nonminimal gravitational coupling constant, ξ = 1/6 corresponds to conformal coupling [15] . Given the field equation, (9), one is able to derive a quantum corrected Vlasov equation which the generalized Wigner function obeys [9, 11, 13] .
The lowest order quantum corrections to isotropic distributions in Robertson-Walker spacetimes were found in [18] where the connection of the result to the standard WKB-calculations is also discussed. In [6] a general analysis of the two alternative approaches to statistical quantum field theory in curved spacetime is represented.
Let us outline a different from [18] derivation of the quantum corrections, most suitable in a spatially flat Robertson-Walker spacetime (see our next paper [19] for more details). It is well known [15] that the scaled field ϕ = a(t)ϕ obeys the Klein-Gordon equation in
Minkowski spacetime with metric η αβ , in the presence of the potential V (t) = (
One can now define a Wigner function, f (x, p), for the field ϕ in the Minkowski spacetime, derive a Wigner-type kinetic equation, find a solution to it and all the observables expressible in terms of the Wigner function, and then perform a conformal transformation back to the Robertson-Walker spacetime. A classical distribution function is invariant under conformal transformations [19] . In our particular case, this can be seen from Eq. (2): 
Here ∂ α = ∂ ∂xα -is the partial derivative operator and V ,α = ∂ α V . In the case when V is a function of time only, Eqs. (11) and (12) can be easily solved for isotropic distributions. Up to the next adiabatic order, any function
, where δ is the Dirac δ-function, fulfils both (11) and (12) .
The number-flux vector N α and the stress-energy tensor T β α for such distributions are easily found [19] :
Here U α = δ 0 α , U α = δ α 0 and
Now one can compute the number-flux vector, N α , and the stress-energy tensor, T β α , in the original Robertson-Walker spacetime, by applying the conformal transformation [19] :
Here R 0 0 is the • • -component of the Ricci tensor. If one uses (14) in (17) and recalls that V = ( 
The first term in (18) is the classical energy density of ultra-relativistic particles, whereas the second term represents the lowest order quantum corrections. The expression for the number-flux vector, (16) , indicates that the density of particles, n = n 2 a −3 , is not modified by the lowest order quantum corrections. It should be noted that, in general, function F 0 may implicitly involve the Planck constanth. A different choice of F 0 corresponds to a different normalization of a state vector [18] . One can assign a one-particle Hilbert space such that an observer counts particles as if they are classical.
Then, the structure of the quantum corrections in (18) implies that one can rewrite the Einstein equation (8) as follows:
Here ρ cl is the classical energy density, and the G ef f stands for the effective gravitational "constant" as measured by a local observer:
If the particles are described by the Planck distribution then Eq. (20) gives:
where δ is given in (6).
Thus, for the minimal coupling (ξ = 0), the value of the gravitational constant at the GUT temperature was greater than its present value to 10 −4 ÷ 10 −3 % (the quantum-kinetic corrections are, of course, negligible in the present Universe; about quantum effects in the cosmic microwave background radiation, see also Ref. [20] ).
We have shown that quantum effects may play an important role in the early Universe.
Though our analysis did not cover inflation epochs, it seems likely that the quantum-kinetic corrections can not be neglected during the inflation. Unfortunately, the particle physics at energies above 10 16 GeV is very uncertain. Moreover, estimates using the concept of asymptotic freedom indicate that at temperatures T > 10 16 GeV thermodynamic equilibrium was not established [14] , that is the Universe is expected to be in a highly coherent state. The adiabatic expansions fail for such states and nonperturbative methods in quantum kinetic theory in curved spacetime should be developed.
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